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~NOTATION

a ,a- am pli tudec orf frec waves

s S s : SSASB i$C k iKi G coefficients of the free-waves resulting fromi the
second or.der free-surface correction

B 1) -as abhove for the body, correction

C =,-.5722 j.-. I uer constant

D I /O.5pUf2Tl dra coefficient

C L P_)'/p '2 L' 7 drag coefficient

/S1'-wave resistance (1)D g

D ) first order wave resistance

S ~i) ..second order ,uve resistne

PSjIl wavo resistance re sulting from second. order
f roe-surface and body tfets, respectively

1.1 ci) - exponentia integhral

f Complex Putenlti"1 .(f f I,/. 1.3 )

ff1  first %aind second order complex potentials, respoctiVeoly.

j. g acceleration of gravity

It depth of s~uhtiusion (h1 u/tl 12)

U -~ te o'ure and k (Z

-forahody or body length V, llg/ltI'2)

p -second order pressure

* j-strengpth of Soorce j

V' thickness

T'- thicknoss *eango utt source
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t 1'/1' thickness (dimensionless with respect to h')

x1, ,y I cartesia-n coordinates (x,y =xtgIU'
2 , yt g/U'2)

z' xI + iy' -complex variable (z =z'gU 2)

u' ,v' velocity-components (u uI/UI, v =v'/U')

III unperturbed-velocity

w U, iV . complex velocity (w =W1J'

CL real part of w

imaginary part of w

-X auxiliary function

6 auxiliary function

C. 21Tq!g/1' 3  strength of source j(dimensionless)

1-1'/1,1 slenderness parameter

-potential (0 '/J 3

- auxiliary function

-stream funct ion (3p

r, complex variable

-free-,surface clievation (n

- 0~ ~ function associated With waves.

Ag coplex vutrialsles
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ABSTRACT

9'The second order wave resistance of an arbitrary distribution of sources,

representing a thin symmetrical two-dimensional body, is derived in a closed

analytical form.

The result is applied to a few shapes: an isolated source representing

semi-infinite blunt body, an open body with a leading edge of a fine shape and

a closed body generated by a source and a sink. In each case the first order

-qave resistance as well as the body and free-surface second order corrections

are derived sq~arately.

The relevance of the result., to ship wave resistance is xn~~i~~

qualitative terms.
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I. INTRODUCTION

The wave resistance of bodies moving beneath or at a free-surface is

generally computed by linearizing the equations of flow, i.e. by assuming that

the body is thin or slender. This way the free-surface condition is linearized

and the body is replaced by a distribution of singularities of known strength.

Till recently only the first order wave resistance has been computed in

most cases. Nonlinear effects associated with the body condition have been

investigated by iavelock (1921) and (iesing and Smith (1971) for two-dimensional

flows and by Gadd (l970)and others for three-dimensional flows past ships. In

all these works the free-surface condition has been kept in its first order

version. Tto procedure is not consistent in principle because body and free.-

surface effects are of .the same order of magnitude, in an-asymptotic seiSo at

least.

A complete secojd, ardor numerical comptation of the. wave resistance has

beon carried out by Tuck, (1965) in the case of a submerged cylinder.'.The free-.

surface correction turnowd out to be larger than the body correction in this,

case. Dagan (1971) has shown that as the cyl.ndor approaches the freo-surface,

,. .,nonlineareffects have, to einorporated .already in: the first. order approxi-

mation., Salveson (19691) has detemined numerically the second order'wave' . .

resistance of a submerged s)ywtrical hydrofoil. 1th body correction appeared

to he the largest In- this case, .appi1arently because of: the imprtant role played:

by the circulation associated with thi kutta-Juvkovsky condition at the

trailing edge.

''The comfpuitation of the noitlinoar t-av. resistanc for.to-diounslonal

bodies is of a.limited intorest in apIpl icatios.: III fact, the mai. purpose 01

the works mont ioned so 'far was to draw conclusions o stip wave resistance from
: -.-..te to-diensio results, at. last on a qualitative basis. The two-dimensional

-solution is coosiderably sitpler than; thatof t0tree1difensional flow and it is



IIYDRONAUTICS, Incorporated

3-

worthwhile, therefore, to explore first the two-dimensional case in order to

acquire insight in- the problem and experience in handling the mathematical

difficulties.

The present work, dealing with tho : resistancc of a two-dimensional

source generated body, is a cofltinuatioa caf Tuck and Salvesen works, bu~t

differ from them in: (i) the solution is carried out for bodies of arbitrar>

thicknoss distribution rather than particula*r cases, (ii) the second order

wave resistance is obtained in a. closed analytical form, rather thtan by tedicus

numerical computations, such that a general anailysis Of the results is Possible.

and (iii) the wave resistance is computed for two-dimensional hodies resembl irg

Ships, -i.e. elonga8ted bodies of a f int, form and without circulat ion. The

cylinder has an extrowely bluant shape and in the. case of the! .ahydrofoil the

contribution. of the iclainhsno three-dimensional counterart..

.WlQU14114 AND BUNDAY CONDZTIONS

We coflsidar a discrott dis* lution of Sol.ce of itiongth, (Vig

loc1ated! at * y' .4A,..,) Tito sources are oss d*e to lie at.

the samte Cle'vation caseay thin body withot circulation deganerates tite

sucla a tistrintion, it. is kaj.1to eCasy, houever, to exefiud t110 'Lpproath pro-..-
sonted hoe to nr distributlan of. surces or'othor -sin iaarities.

4" -wke the variahlos AlavaiO11lo4S as follows

Y .P . g 1 19 14

W U-iv
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where f' is the complex potential, w' is thle complex velocity, Wi the

submergeance depth. U' the unperturbed velocity and n'1 the free-surface

elevation (Fig. 1).

If we relate q! to the change in the thickness T! of a body moving

in an infinite flow domain, then

C. 7 (2)

f and. w are. now toxj'anded in asymptotic series

w at'w .w .. (4)

wlwre ft W 0 (c And f ;t OW), those -being -the only tervms

-'considered iw-roin.

* Th anaytical funct ions ftrf Z ~ W sisiy tSO Ov l~w

1 neariucd fi--surfiicv condi tions (svi, for ttauco.iwhge adLitonc4 ,

1100)a (Y i

and thleraJticicniin

t I IIke free-Asurfatcd .eleva t io d u n t 14 i'gi vel by
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(x) - b(x,h)()

I (x) 2(x)~ (x, h) .()

The body condition re~uces to the requirement:thiat at-anku order the-thick-

ness change at: the- source j i equal to T!.7 At second order we,.therefore,

stipuAlate

if z + J- Zn(z-x) + 0(E3) 1z -xj I C (10)27r3 3

The purpose of the following -sections is to determine. th: wave resistance

of the source distribution.

III. THE FREE WAVES BEHIND A SOURCE DISTRIBUTION

To compute the wave resistance we rico only the expression of the free

waves trailing far behind the body. Moreover, the solution for apair of

sourccs may be easily extended to an arbitrary number of singularities. For

..tl:o !-kc of simplicity we carry out first the analysis for';two sources, say

of strength and Ck loca,,ted at x. -and-ivly

1. First order solutioni

'Iiah first order solution is well known (Wehausen and Laltone, 1960)

and is given hero for convenience of reference

C. - C
kk k

+ X.n(Z-x -l) j 2 (ZX 21h -W( nZ-x - +il

~2 9 n~~k'2 21 k'1
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I j ~ 1 I1 k 1
-13 21r z-X. 2%,z-x 21r z-x.,-2ih 21T Z-Xk 2ih

. 1
+ j w4z-x. -2ih + ~ -2ih) (12)

Thie fun~ction w(~ defined as

i e,3 Ei e~() .0-' f ~dA G..(3) -

represents the trailing singuilarities associated with -the free waves. The

properties. of w() which will be- extensivecly.-used- in the :sequel, are

discussed in Appendix.

The far downstream potential is obtained--by.expanding (1.(see 1. (5)

= -i. -(z -x. -2ih) -i(z-xk-2 ih) x~)(4

j jk- j. k

and the fr,., waves profile (by Eq. (8)) is :given by.-

ix.-- ix -
ll.(x) ~Ipk-21)ed (~e + C e )e..x 1

2e ((C.cosx os x o * (c-x sIn x+inx)sn]

2. Seodorder Lhodj correction

The velocity induced at ''x.by the various-trms of (12),

excepting ther'first term nrepresent ing the source j itself, is

21t 417 -x 2h. 2nt x.-x 21r 'A lxk 2

+ .L~ ih) + (& (X. (16) ih
7T. j k, )
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-.- We-assume in the sequel that x.is an increasing sequence and that

->j~ With z =-X, -x. > 0-- w.- becomes:jk k j j

~ I k 1 k 1 .k
w -h y2ih y5'r +i Tr yjk+2 ih_ + it i - -ti2 ili) .(17)

By the same token, the velocity indluced -at z x.is -

k 1I k 1 I t
4+ -L((-2ih) + - W(z-2ih) (18Wk 2yr .2ih .2yr Zk 21r Ik- 2 ihl '1-- it (8

To satisfy'the body condition (10) we have to cancel u. and v. (16) -in

the vicinity of the source j by Suprimosn on the original source an

additional source of strength_ .U./ 2 1r =:OWE) and a vertical doublet of

strength. -c?v./21 = (E0).- Since we limit-the present computations to second,

order effects, 34e may disregard at this stage the d~oub~lets and consider-the

so-urces solely.

-The st-r~engthi of the addit-ional source at x. is, therefore, given by (17)

as..

.4-2 -2h 74__ [. - - + -h] 1)

-wh ile. at x through. (18) and (69) wo:.halte

____ -2+ 25(-1 212) -47e cos (0
27r- k. - +41V k. 3k

The expresslon'.of the stroamfunction, associated with the two sources, far

downs tream ..is. easly found from (14), (19) and (20) ,as folIlows

.- j(x 1) =.-Im 0 '?( + k i +1 U~~

k0 I]

J 'k-



! I I i i i I 1 1 , 1 g1 : 1 1 1 1 1 , 1 1

b.-1

B. 2e (22

be 3 h (24)

I. A 4e. cosZ.- (4
- k J . k:.

jk represents the-interaction between the'local termns of the two sources and

- ~ .tends to zero like 1/Lk while x'? represents the interaction between the

free wvaves trailing. beind source jand..the disturbance-of source k

3. .Second order free-surface correction

The free waves related to the free-surface.-correction are generated

by the -linearized pressure p (x) of-IEq., (6). In the case of a. pair-of sources

p can be written as follows

k ? . k (25) ,
p jk (x 471I~j 4'1 Pkk + 4im

the different terms resul1ting from the substitution of the real1 and imaginary
parts of w' jkadwA (12) int o (16). Carrying out the substitution we

jk and
obtain, for instance,

p(k-X)Xkjxh) 4.- C X (26)

whore, for brovity, the following notatons, have been uqed

a, (A c(X-Xz -1) =i(X-xx -1) h

- .2h(x-x ) -jk (7
9. [(xs77 (tj1kj (27
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jkis the pressure resulting from the nonlinear interaction between the

velocity components-induced by the two sources, while pjj (or ~k~stems

from the velocity of the same source j (or k). It is readily seen that

..(x;x.,) = lm1

~ 3 X~jX.2 jk(28).

pkkx;.xkh), lim p-k~ k jk

4 ~it turns out, therefore, that it is sufficient to determine the free waves

generated by the-pressure distriuin~ and to take the limits afterwards.

Thecomlexpotential representing the flow generaled by jk is

(Wehausen and Laitone, 1960)

~jk 3 KfP (s;xi.X k'h) w(z-s-ih)ds (29)

if jkas a function of s ,is absolutely integrable in the infinite inter-

val, w :may be expanded for large x under the integral sign of (29). ~~kis

'Iinot integrable as it stays because of the first two terms of (26). We arc going

to integrate those terms first to eliminate this difficulty. Bly using integration

by parts and (66), (67) we obtain

lii IM (0 (s;x ,h) *S ~ 11 +k $Xjh (s~xk l1)]w(x-s)ds

-16w~ a costjk Im11 f 41i(aYk +Yj~k+a kXj +kX i)Lw(x-s)ds (30)

-fe his first integration the pressure is integrable and by expanding w(x-s).

Vfor 'x +~ (Eq. 65) we obtain for largo x
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- Imf =-16r 2e-211 cost. 4.Z ixf y mS~j +

'jk jk jk + f &:j~'X ,kaJk-kJ

+j~ + + ij. k + 6 )+ Xj x + e Xleds (X-) (31)

The integration of the various terms of (31) may-be-carried out by using

the representations of ay given in Appendix (3.). We1-lave, for instanc-e,

I(a ykUJ )clds f [Im f i-y----~y4~ s (32)
kw -k X, _

f i(a y+ x)Qds i fIto f X~ ~ dpe ~ds (
i~ ~~ Csjk S-xk-11 1h)

and by using also (67)

d is j i. -m~ TTdpds +
- 6 0 Sklds fk ds q- (( ds f Jes f Ts6-x7+~3 x

k- 0

+- v dse(34

Using the residuo and the seomiresidue 'theorems and the definitions o

and 8(63) wo arrive after inorution, in (14) to the final oxpression of

k jk,

* Q P. 2 
+k-h +t

+ 0)n k ( j 4 2 -h +k}-j~0 ~ 1 )~(
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~p.-and 'kk are obtained from jk by taking the limit t. jk 0

=(qs. (28)).. Carrying out the computations and using the properties of the

functibns c and $ (69), yields the following final expression for the
-Str -ugion far downstream

lx. ix. ix
k j ks

j 4

t -~ ~.x ix i
+( e M i ke ki(IS+iKS)]}+CO Rjjkk k k3se)G Ck(JC

(X-)()
where

AS a[t~n2h -C2e21 Iii(2h) 4 (37)

S--h -2h
2b 0Z(~2 (38)

jk j

-1 21% 2112 
_

0 -a ~~. k). e -1 - 2h) 7. rr,4I~i3 (40)L +> ~j k k (41

jk if' ./

u ' (43)

'Tile supersertlpt' s stands for free-surface corrections, +C 0.Q5772 . in

(37 istheEulr*cofiStatit ant i (2h) in (37) is the bxiwnential integral.

Tito -first, torm in (35), associated with A and 0 -r resents tile fre
waves 84n0oratml. by. the interaction between the different coqpnents of tile
v e locity of -the 0,e~oro whilIe. the roaining tei1m,, in CL, is -related
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to the interaction between the two sources. The last term, in G S is the
nonperiodic D.C. term which does not contribute to the wav,. resistance.

4. Asyptotic expansiions for the freewavs amlitude

The amplitude and the phase of the free waves depend entirely on
cis Ck x., and the coefficients of (36)-(42). Since we have found closed
analytical expressions for these coefficients it is easy to study their behavior
for large and small Froude niumbers.

&naZZ Froudo number. We consider the limit h =h'gt' for a fixed
ratio h/4j = h/VU i.e. we lot also xjk =~gt' X w

Under th_ 'Imit the ampilitude of the first order waves (1B) a' is
(c~e ),The amplitude of the waves resulting from the bodIy correction (22-24)

a i i (2 0 b or o(Ec20 311. Finally, the largest possible aml1itude
of the waves associated with the free-surface correction a stems, from A5

(37) and is. 0(00 1 Zn h), Bence, a /a 1  O(c,/Z. or (ce2 and.
Its I j

a /a.. O(C 11 h),-

Since e is the inverse of thle thickness Froudo number, thle singular
behavior of the '~owae or ht~ found in provious works (Salvosew:1969,
Dagan .1971). is validated. Mioreover, thle order of' magnitude of, aIS/a for

Uo Is I
U! 0 is exactly. fund 41 /a .1,/1.

*.This point is .discusscd in iiwodtalith anlsi o wave resistance

(Section IV)..

owz~e F~'oude nzimbw~ Withk 1% 0,ti Jk o

obtuin from (15), -t23) and (39.). or (41)) for tho. largest. possliio aplitudes

a I Q( ~ III and a1  O /U)

oec h ratio -a V44 is oif order 1t Iot th atter

baingj a fixe (gencra.1.1 y s Ill) ituber 16or a g ivon, bod.
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5. Free waves behind an arbi rayzsource (distribution

For an arbitrary distribution of n sources of strength E: located

at x =x~ y =0 (X~1,2,...,n) we obtain from (15), (21) and (36)

n ix.
S(x,h) =Im[(-2ie- )e- j Cje (44)

jn ix

1I 111) IIs x lx) bs
'p(x,h) ' + 0 [me x ? e 0 )]'i( +B

n-1 n ix. ix 5  ix. ix

j=l k j+1 l

+x i(Ik+1 iKjk)l} G( + 2 n-In E .cosz.k)(5
Jul k Ju Jl

where the coofficients of (45) are g iven in (22-24) And -(37-43).

IV. 711C WAVE~ RE5SISTANCE~

1. General formulation

Tho wave reitnemay be determined, for instance, from a momentum
balance between two vertical sectious far ahead. and behind tile body..

With tile free waves. profile (8,9) given by.

1 1 1 1

t x) n p=('41, co sil * X cns (COS sillcos

the iave resistaiwo at second 'oard ( iei, 1 ) 9 S oivn by
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4I 'Cos 'sn_1 1 II I4P1) + 1) + (E) + ~'o + O(C) (48)

I II II
In (46), (47) and (48) co,- Sn OC and i represent the periodical

11
sin x .-.nd cos x terms of (44) and (45), respectively, while *cntstands for

the last terri of (45). ~i is exactly canceled in (47) by the constant part
12 coflst

of n scthtteaverage free surface elevation is equal to h for x +.
lbe dimensionless drag in (48) is defined as D - Dg/pU,4. Usn -qs. (44)

and (45) and substituting in (48), we obtain after some manipulations

I 2hi n
C) E Cos £. (49)

k. kj1 k j

k1(:ksn ii-l 'tk )k4"ik(Cos~qJ Mco k~
I8 J-l kuj+1

.+ 0. - -Sinz~)(

1.s (49): and (50). give in a closed form the first and second order -wavo
.4) 11resistance, respectivuly, -for an arbitrary source distribuition. -. ) and+b

the nonlinear b1ody And f roe-surface contriltutions, wiy+ hocoutdsartl
Irom ()bysltngteapproptriate coefficients.

ve are go in tp-now to disctuss th~e. -pcto f (49) and (50) to Sloew

simle bu istuctve prtic lar cases.:'
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2. The isolated source

Vie simplest case conceivable is that of an isolated source beneath

a free-surface (FPig. 2a) representing, at second order, a body of semi-

infinite length with a parabolical blunt leading edge.

Thie wave resistance components, obtained from (49), (50) with n=lb

have the simple expressions

2 2 - 1I) 0

E) c(-2e )
-IS21 -2hi

Th wvereisance of (.51) is 1given int Fig. le bty isfing owvr 1 tiemr

coaumon drag. coafficiatt

01f/0,50112~T'.ad h param tor TI/10 *A

11011CO. ith

C tt 1 t* C

we have

C 2he

.Its -212

Thke first Ordet -Coef iW-itt C as uction Of ti'41 '1A1 has th*0 Vell-

knownA sit"e with ;a o",ituzo at (I II./gi I 111o Thecnd ordIer ro: staato
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coefficients are negative, i.e. they always diminish the values of the first

order drug. To illustrate the relative magnitude of the second order effect,

the ratio C~ C which does not depend on t A hais also been represented

in Fig. 2. For ut41 * this ratio tends to zero like -8h and,

therefore t~ /c -81 = -8c Pece j/c = 2/rf' has to be much larger

than 8 in order to ensure small nonlinear effect at htigh Froude niumbers. For

o' c, /C1  -2h i.e. t2(. ftc' ~-, and the nonlinear free-
surface correct ion becomes much larger than the first order wave resi stmne

because of the free-surface effect. In) the iritumiediut.. rangv Cj 1/cl~grw
monotonica lly (Fir,* 2) .

Vital ly. to estilaite the relative ilportance of the two nonlinear effects,

the ratio,~~j k ih I) lsIIS 1 1 Its 11W sas~~rsne nH C
For Wi~wfgh - this rat io tvilds to 3. A\s 11.1gt docreases , S 1) 1) oI

t~~~'1 t nitylk . ec.Ith resentt vasa, th* f rcl-siarfa : corroction

is: ays:.y wuch larger than the Wu t. .rroct ion,

"lic di Iflueti ofth?0 n 1_f~ caid i~ nid4* 11ty -111

A)e stldy tue, influelco (Of th. S'hape :Of thlo Iead in dg. 4i u v avo

wibidttre t* f-~~init~ tod wtted tv i IN -e"qual St reg!,,th

adat ieqUal i.. t jl10 am". k*~L~(ag !)
1W.s 4kt1'aii rtiesctde cuiitety a iWedre shaped 110SO. -it

turtis O.Ut, nou9 thut t It peeI -d rag- tCo e(m)adG))silfyiiti

1.dse and INOCOV1.e

10 1
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1S 10 1hif 9 10
10 Lc (II [B cos *77 ( st K snJ+ Uu jnl u kjf cos wk k jitM-

*2e -221 -2111 +2 cost 1.r (Sjf1 k-1 J

10, 9 1(1 10) 9 0f

Imal j=1 L~s i4l jkl h Ljtl m

ui /23 DID ., V. I1 S /c3 have 1)oon1 conputod- as 'function of h 'for
di fferen t ratios heIm e Itite forc bet lengthi and the submerpsnce depth .(L)h)

i Fig, 2c we Vi ve. the rosults, again in terms o*f t P/.oU 2

*t% t* t% and t V i/111 for 1,/h' a 9 Ind WA/' 4. S. T)e first-

order-rosistance ceff ic ient C% drops v arkedy as the ratio 1.1/10 increases.
F'rW/4hV 1 0h. curves .1eicotw very Clowe, hecause theQ ratio botcen the.

length of- thve five Waves A. w!1 1wW2 /g and tno length @1 0v Lore body L' is..
lrer tht 1v for. the P.res L'-need. At::salttr Troud uir

hw"ovor, the. biwrference e f fect s- arv tidfeat

A mre, iutere'stinW -itt Is thut n#.# t. toV4 the0 ifluenc of tho CJV4n tw
On the ratio . 4 (i.ti0Scp~ fC larg f'w~~'3 r~a

1 wh 0-17) 11rotide :nu hvrs. thie 141 ti ve nonIlier offoct. is nAwllter 'for
fine shapes,.. aSg nuh ws halfr tif that of~t bdo hp frUh ) o

the -Ite eit, t t t p (fr. 9 o,r cau C- k.Ai&*,t cos Aifr S u n ppro.l
34atey ti'Al to 0 IS.~

IidIy th tftc ha. litl tuct oil the rato D
(Fig. Uc) hhich m~au, Iarf, -Irrespectiv Of tic sha pe of Un., leain Vage1
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4. Interference effects; the sourecQ-s ink hody

'e consider now a body gL'nwrated by a source aind ai siult, (Fig. 3a),
Whichi is the Sim~pest Caise otf a Closed body.

Using again~ the generail expression ot the dr.1 ((4!), ('0)) 'ith

F, Wi we 0 n1,ta in il r (1- Cas

usZAsi I lit I.)I 1 (ic. I)~l ~(

the di fferent cofii-t tei, 1)~t -~ (ZH24~ ud(7~4) eh

-soI eiotvi an xarqdIe with 'Nl~h' voti'sit with coideriog iI ougat d
ItAgies rvie~anhjg'i hips~ In, thi-S C4. W'V Col Use theayrtotic vxprwoiLou's
of tk d - 3 0410 apph a ar :14 :n 1, ~)(o)' to oltah

4~)

thw~ IT 1Tcit4 Itn stt ti ho illueraci"teeith -a
4-1:6a s. sCilv tlrgus o 0r~'L i~ hav r.t~in its

srnca ion tirc 1o j, eJ

plot th. daro'e JV14 hv s t oef~,ia
1.n thi .pt
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where

C = i) =20hD

I (61)
I, U)?1121)1 4(121)1

In ig ThC ~ ai0 ( -gre represented separatel.y as ft*-cions of

Ia1 these Su~ n havig an oscillaoycaatr Like in the
P. V~IOUS caseqpth bow t aorcini-nalrt~n tefe-surface second

order correction. For suf lqjotly' 1.g -roud ubr U/~ >03

c~bis roughly. 0. X o3; 14hile: FoP -'/T ;,3i0-e~tv

magnitude becomes oven smaller. uoreover,-1o the ratio I4 A/h1. =20 considered
I-re,.the local crmis in (er?) inn j. S

(58.~i~i te erm ~ ~12', C12 , '2'
Arq simall cemxp~red jth tile other. texis and, for -the,.sake 'of the analysis) 1),b

a~d'i~. y-b~prxiutdfor'(1,15-' -W/ g L' }.4 by

k,:, 0 1Cos 1,(1 -Cos 1. 0ccos L(l-cos L)
(62)

thence;-wi I) .uci'tes Uike .1-cas 1. while ) adI) bhv

1.1- Cos: 1(l -tos -i.As a' rw~ulv tho -second order correction tends to
sharpeSn otopas~ the'40sist~nce curve and to-make the. hollows widor. A

-tA o peoau I a resiatarxe curvef :Ior U/g' 0. 32 tho ratio 1) /D is

-of er:~ 4 (T'I) 1.~ thi or ratlo grows us the Froudo number decreases.

like -in. the caso of the pi-infinitv body, the free-surface scond order
effct oeo oW~I~ d uue oi y: lirger than the first order drag, fo 4T//L o* ,

Ofth enat tiw'&. Pr 111 hmpA/41,j

'V 21
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* V. DISCUSSION OF: RESULTS AND CONCLUSIONS

Al -ugh an useful closed solution for the nonlinear wave resistancei

two-dimensions has been obtained, the main purpose of the present work is.t

draw qualitative.-conclusions on nonlinear ship-wave ressac.Tofaue

of the -resultrs, summarized in FPigs. 2 and 3, seem to be general: (ithie fre-''-

surface second order contribution to-te drt h~ tha ta oPi- h bod

correction, and (ii) at small P-roude numbersi"the nonlinear'effects.-b_6coiRe pry--

lag nd the -basic expansion of the velocit d's iglr

The results depicted in. Pig 2 k-er at first glance-of limited itfterest,'

because thw 4Lipply to open bodies. I3Vit 'there are indications that duet

viscouszsef f~cts the sternwaves of ships._arel smaller than those predicted by

the sink distribution representing the geometry in the linearized 'theory. Such
an assumption is tnaon tocnieigAr, ojien body so far as wave resistance~

iscn~nd Ie-rslsof. Fi- 2 ma~y,, therefore., have some bearing on tl

par:,, of th~e wavb rqa~stan'co* associated: with t~he bow 'waves. -It suggests that:1
* ~~ ~ o (Qtetwln~ 4r'istanc i sinA4-,er than the..first order drag,an

(U.i, that th-e second>%,do-et QS -frft hp than for
ful >oriw& ofl Ihe' fprt. boytr-o~ao od ub~ U/~'~Q hre

'2i-is: tb e fore oyln'h

Theintdeen~ efec~ etwenthe -leadingnd t railIing- ed es, -m,

ref lected by rlhe esu It- Eaf-f 4g I Qviut, these: -effects - till be lr -ely. -

reduced V4 the tiai nhsdg i s omd.to-b -in I _-A~pe or *Pen(t

ac-count for wako,- for Vhst-anco)., Aitan rae tho t1 res-qnt conlutatidons, indA

cat* that the- rnitn~-edsar gon-d _.by -socond .orde. fet4: ll h
holIlIows. become -wider. --

Tho- methvd used'in the prosciit- iworll iqYm1-0ayb sly -ext endEt Vtm nount o

Vorti city ifl 'two( (Ut r5- 1u:1 It- ~th i *pJtrnwc . 31Ull
vt -pc[ uu h ~hm of throc -d illicfls nal -'Orc.,g nera4Qd.;h.1
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VI. APPENDIX -The Properties of the Function w()

The-function -w(4) =a( ,n) +ia(&,n) is defined by (13) as

in the A complex plane (Fig. 4),. Anotherepesootie ytecag

of variables -=-X± -is

- j~e(63)

with the p' plane depicted in Fig.-4.-

w has the foll1owi ng asymptotic 'expans ions:

w =e (iirC + zn, 0 A~)(4) _(64).
M=l nm

and

M=1 (i4)

where w (4) =2vie for Re' 00 and w 1;k 0 for Re 4 - The

( 0) 00 -i+1(6

*and particularly

(67)
-~ - - - >Qn)

~-~i im 11
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(ii)WM~ 2ivie + +i)(68)

-which leads to

c~~n) = 2Tren sint +

(69)
n

~3(~,n) 27re cost- (,)

To compute a and one may use the series-of (64) for I <-10

'or series (65) for j~> 10. In the latter case the series has to be truncated

at. m = N. where N 'k

WW) isrlae to the function isreatd(4) tabulated by Abramnowitz and

Stegun (1964) as-follows:

WW,) e. (27ri E i 4K * (70)
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